
Partial fraction 2 

 

1. Write 
3−𝑥

(𝑥2+3)(𝑥+3)
 in partial fractions. 

 Put 
3−𝑥

(𝑥2+3)(𝑥+3)
=

𝐴

𝑥+3
+

𝑓(𝑥)

𝑥2+3
 

 𝐴(𝑥2 + 3) + (𝑥 + 3)𝑓(𝑥) = 3 − 𝑥 … (1) 

 Put 𝑥 = −3,  Then 𝐴 = [
3−𝑥

𝑥2+3
]

𝑥=−3
=

3−(−3)

(−3)2+3
=

1

2
 

 
1

2
(𝑥2 + 3) + (𝑥 + 3)𝑓(𝑥) = 3 − 𝑥 

 𝑓(𝑥) =
(3−𝑥)−

1

2
(𝑥2+3)

𝑥+3
=

2(3−𝑥)−(𝑥2+3)

2(𝑥+3)
=

1−𝑥

2
 

 ∴
3−𝑥

(𝑥2+3)(𝑥+3)
=

1

2(𝑥+3)
+

1−𝑥

2(𝑥2+3)
 

2. Partial fraction: 
2𝑅−4

(𝑅+1)(2𝑅−1)(𝑅−2)
 

 

 
2𝑅−4

(𝑅+1)(2𝑅−1)(𝑅−2)
=

2

(𝑅+1)(2𝑅−1)
=

[
2

𝑅+1
]

𝑅=
1
2

2𝑅−1
+

[
2

2𝑅−1
]

𝑅=−1

𝑅+1
=

𝟒

𝟑

𝟐𝑹−𝟏
−

𝟐

𝟑

𝑹+𝟏
 

 

3. Partial fraction: 
𝑥³−𝑥−5

(𝑥+2) (𝑥²+1)
 

 Since both 𝑥³ − 𝑥 − 5 and (𝑥 + 2) (𝑥² + 1) are monic and of degree three, 

  
𝑥³−𝑥−5

(𝑥+2) (𝑥²+1)
≡ 1 +

𝐴

𝑥+2
+

𝐵𝑥+𝐶

𝑥²+1
… (1) 

 𝑥³ − 𝑥 − 5 ≡ (𝑥 + 2)(𝑥2 + 1) + 𝐴(𝑥2 + 1) + (𝐵𝑥 + 𝐶)(𝑥 + 2) … (2) 

 Put 𝑥 = −2 in (1), (−2)3 − (−2) − 5 ≡ 𝐴[(−2)2 + 1] 

 ∴ 𝐴 = −
11

5
… (3) 

 (3) ↓ (2), 𝑥³ − 𝑥 − 5 ≡ (𝑥 + 2)(𝑥2 + 1) −
11

5
(𝑥2 + 1) + (𝐵𝑥 + 𝐶)(𝑥 + 2) 

 ∴ 𝐵𝑥 + 𝐶 =
( 𝑥³−𝑥−5)−(𝑥+2)(𝑥2+1)+

11

5
(𝑥2+1)

𝑥+2
=

1

5
(𝑥2−10𝑥−24)

𝑥+2
=

1

5
(𝑥+2)(𝑥−12)

𝑥+2
=

1

5
(𝑥 − 12) 

 
𝑥³−𝑥−5

(𝑥+2) (𝑥²+1)
≡ 𝟏 −

𝟏𝟏

𝟓

𝒙+𝟐
+

𝟏

𝟓
(𝒙−𝟏𝟐)

𝒙²+𝟏
 

 



4. Partial fraction: 
1

(𝑥+1)3(𝑥+2)
 and deduce 

1

(𝑥+1)𝑛(𝑥+2)
 

 Method 1 

 (1) 
1

(𝑥+1)(𝑥+2)
=

(𝑥+2)−(𝑥+1)

(𝑥+1)(𝑥+2)
=

1

𝑥+1
−

1

𝑥+2
 

 (2) 
1

(𝑥+1)2(𝑥+2)
=

1

𝑥+1
[

1

(𝑥+1)(𝑥+2)
] =

1

𝑥+1
[

1

𝑥+1
−

1

𝑥+2
] =

1

(𝑥+1)2 −
1

(𝑥+1)(𝑥+2)
 

  =
1

(𝑥+1)2 −
1

𝑥+1
+

1

𝑥+2
 

 (3) 
1

(𝑥+1)3(𝑥+2)
=

1

𝑥+1
[

1

(𝑥+1)2(𝑥+2)
] =

1

𝑥+1
[

1

(𝑥+1)2 −
1

𝑥+1
+

1

𝑥+2
] 

  =
1

(𝑥+1)3 −
1

(𝑥+1)2 +
1

(𝑥+1)(𝑥+2)
=

𝟏

(𝒙+𝟏)𝟑 −
𝟏

(𝒙+𝟏)𝟐 +
𝟏

𝒙+𝟏
−

𝟏

𝒙+𝟐
 

 Method 2 

 
1

(𝑥+1)3(𝑥+2)
+

1

𝑥+2
=

1

𝑥+2
[(

1

𝑥+1
)

3

+ 1] =
1

𝑥+2
[

1

𝑥+1
+ 1] [

1

(𝑥+1)2 −
1

𝑥+1
+ 1] 

  =
1

𝑥+2
[

𝑥+2

𝑥+1
] [

1

(𝑥+1)2 −
1

𝑥+1
+ 1] =

1

(𝑥+1)3 −
1

(𝑥+1)2 +
1

𝑥+1
 

 ∴
1

(𝑥+1)3(𝑥+2)
=

𝟏

(𝒙+𝟏)𝟑 −
𝟏

(𝒙+𝟏)𝟐 +
𝟏

𝒙+𝟏
−

𝟏

𝒙+𝟐
 

  

 Method 3 

 
1

(𝑥+1)3(𝑥+2)
=

[(𝑥+1)3+1]−(𝑥+1)3

(𝑥+1)3(𝑥+2)
=

[(𝑥+1)+1][(𝑥+1)2−(𝑥+1)+1]−(𝑥+1)3

(𝑥+1)3(𝑥+2)
 

 =
(𝑥+2)[(𝑥+1)2−(𝑥+1)+1]−(𝑥+1)3

(𝑥+1)3(𝑥+2)
=

𝟏

𝒙+𝟏
−

𝟏

(𝒙+𝟏)𝟐 +
𝟏

(𝒙+𝟏)𝟑 −
𝟏

𝒙+𝟐
 

 

 In general, 
𝟏

(𝒙+𝟏)𝒏(𝒙+𝟐)
= ∑

(−𝟏)𝒌+𝟏

(𝒙+𝟏)𝒏−𝒌+𝟏
𝒏
𝒌=𝟏 −

𝟏

𝒙+𝟐
 

 

5. Evaluate ∑
2𝑛2+6𝑛+6

𝑛(𝑛+1)(𝑛+2)(𝑛+3)

𝑁
𝑛=1  

 ∑
2𝑛2+6𝑛+6

𝑛(𝑛+1)(𝑛+2)(𝑛+3)

𝑁
𝑛=1 = ∑

𝑛(𝑛+1)+(𝑛+2)(𝑛+3)

𝑛(𝑛+1)(𝑛+2)(𝑛+3)

𝑁
𝑛=1 = ∑ [

1

(𝑛+2)(𝑛+3)
+

1

𝑛(𝑛+1)
]𝑁

𝑛=1  

 = ∑ [
(𝑛+3)−(𝑛+2)

(𝑛+2)(𝑛+3)
]𝑁

𝑛=1 + ∑ [
(𝑛+1)−𝑛

𝑛(𝑛+1)
]𝑁

𝑛=1 = ∑ [
1

𝑛+2
−

1

𝑛+3
]𝑁

𝑛=1 + ∑ [
1

𝑛
−

1

𝑛+1
]𝑁

𝑛=1  



 = [
1

1+2
−

1

𝑁+3
] + [

1

1
−

1

𝑁+1
] =

4

3
−

1

𝑁+1
−

1

𝑁+3
=

𝟐𝑵(𝟐𝑵+𝟓)

𝟑(𝑵+𝟏)(𝑵+𝟑)
 

 

6. Partial fraction: 
𝑥3

(𝑥+1)(𝑥2−1)3 

 
𝑥3

(𝑥+1)(𝑥2−1)3 =
𝑥3

(𝑥+1)4(𝑥−1)3 

 
2𝑥

(𝑥+1)(𝑥−1)
=

1

𝑥+1
+

1

𝑥−1
 

 Cube: 
8𝑥3

(𝑥+1)3(𝑥−1)3 =
1

(𝑥+1)3 +
3

(𝑥+1)2(𝑥−1)
+

3

(𝑥+1)

1

(𝑥−1)2 +
1

(𝑥−1)3 

  
16𝑥3

(𝑥+1)3(𝑥−1)3 =
2

(𝑥+1)3 + 3
2

(𝑥+1)(𝑥−1)
[

1

𝑥+1
+

1

𝑥−1
] +

2

(𝑥−1)3 

   =
2

(𝑥+1)3 + 3 [
1

𝑥−1
−

1

𝑥+1
] [

1

𝑥+1
+

1

𝑥−1
] +

2

(𝑥−1)3 

   =
2

(𝑥+1)3 +
3

(𝑥−1)2 −
3

(𝑥+1)2 +
2

(𝑥−1)3 

 Multiply both sides by 
1

𝑥+1
 , 

 
16𝑥3

(𝑥+1)4(𝑥−1)3 =
1

𝑥+1
 [

2

(𝑥+1)3 +
3

(𝑥−1)2 −
3

(𝑥+1)2 +
2

(𝑥−1)3
] 

  =
2

(𝑥+1)4 −
3

(𝑥+1)3 +
3

(𝑥+1)(𝑥−1)2 +
2

(𝑥+1)(𝑥−1)3 

  =
2

(𝑥+1)4 −
3

(𝑥+1)3 +
3

(𝑥+1)(𝑥−1)2 +
2

(𝑥+1)(𝑥−1)
[

1

(𝑥−1)2
] 

  =
2

(𝑥+1)4 −
3

(𝑥+1)3 +
3

(𝑥+1)(𝑥−1)2 + [
1

𝑥−1
−

1

𝑥+1
] [

1

(𝑥−1)2
] 

  =
2

(𝑥+1)4 −
3

(𝑥+1)3 +
2

(𝑥+1)(𝑥−1)2 +
1

(𝑥−1)3 

  =
2

(𝑥+1)4 −
3

(𝑥+1)3 + [
1

𝑥−1
−

1

𝑥+1
] [

1

𝑥−1
] +

1

(𝑥−1)3 

  =
2

(𝑥+1)4 −
3

(𝑥+1)3 +
1

(𝑥−1)2 −
1

(𝑥+1)(𝑥−1)
+

1

(𝑥−1)3 

 
32𝑥3

(𝑥+1)4(𝑥−1)3 =
4

(𝑥+1)4 −
6

(𝑥+1)3 +
2

(𝑥−1)2 −
2

(𝑥+1)(𝑥−1)
+

2

(𝑥−1)3 

  =
4

(𝑥+1)4 −
6

(𝑥+1)3 +
2

(𝑥−1)2 − [
1

𝑥−1
−

1

𝑥+1
] +

2

(𝑥−1)3 

 
𝑥3

(𝑥+1)4(𝑥−1)3 =
𝟏

𝟑𝟐
[

𝟒

(𝒙+𝟏)𝟒 −
𝟔

(𝒙+𝟏)𝟑 +
𝟏

𝒙+𝟏
+

𝟐

(𝒙−𝟏)𝟑 +
𝟐

(𝒙−𝟏)𝟐 −
𝟏

𝒙−𝟏
] 



7. Partial fraction: 
1

(𝑥−1)2(𝑥+1)
 

 
1

(𝑥−1)2(𝑥+1)
 

 =
1

2
[

(𝑥+1)−(𝑥−1)

(𝑥−1)2(𝑥+1)
] =

1

2
[

1

(𝑥−1)2
] −

1

2
[

1

(𝑥−1)(𝑥+1)
] =

1

2
[

1

(𝑥−1)2
] −

1

4
[

(𝑥+1)−(𝑥−1)

(𝑥−1)(𝑥+1)
] 

 =
𝟏

𝟐

(𝒙−𝟏)𝟐 −
𝟏

𝟒

𝒙−𝟏
+

𝟏

𝟒

𝒙+𝟏
 

8. Partial fraction: 
(2𝑠3−𝑠2)

(4𝑠2−4𝑠+5)2 

 𝐸 =
(2𝑠3−𝑠2)

(4𝑠2−4𝑠+5)2 =
(8𝑠3−4𝑠2)

4(4𝑠2−4𝑠+5)2 

 Using long division, divide (8𝑠3 − 4𝑠2) by (4𝑠2 − 4𝑠 + 5), we can get 

the quotient = 2𝑠 + 1 and remainder = −6𝑠 − 5. 

 ∴ 8𝑠3 − 4𝑠2 = (4𝑠2 − 4𝑠 + 5)(2𝑠 + 1) − 6𝑠 − 5 

 Hence 𝐸 =
(4𝑠2−4𝑠+5)(2𝑠+1)−6𝑠−5

4(4𝑠2−4𝑠+5)2 =
𝟐𝒔+𝟏

𝟒𝒔𝟐−𝟒𝒔+𝟓
+

−𝟔𝒔−𝟓

𝟒(𝟒𝒔𝟐−𝟒𝒔+𝟓)
𝟐 

9. Partial fraction:  
𝑥²+1

(𝑥−1)²(𝑥+1)
 

 
𝑥²+1

(𝑥−1)²(𝑥+1)
=

(𝑥−1)(𝑥+1)+2

(𝑥−1)²(𝑥+1)
=

1

𝑥−1
+

2

(𝑥−1)²(𝑥+1)
=

1

𝑥−1
+

(𝑥+1)−(𝑥−1)

(𝑥−1)²(𝑥+1)
 

 =
1

𝑥−1
+

1

(𝑥−1)²
−

1

(𝑥+1)(𝑥−1)
=

1

𝑥−1
+

1

(𝑥−1)²
−

1

2
[

1

𝑥−1
−

1

𝑥+1
] =

𝟏

𝟐
(

𝟏

𝒙−𝟏
) +

𝟏

(𝒙−𝟏)²
+

𝟏

𝟐
(

𝟏

𝒙−𝟏
) 

 

10. Partial fraction: 
1

𝑥(𝑥2+ 1)2  

 This can be done just by inspection. First observe that: 

 
1

𝑥(𝑥2+ 1)
=

(𝑥2+ 1)−𝑥2

𝑥(𝑥2+ 1)
=

1

𝑥
−

𝑥

𝑥2+ 1
… (1) 

 
1

𝑥(𝑥2+ 1)2 =
1

𝑥2+1
[

1

𝑥(𝑥2+ 1)
] =

1

𝑥2+1
[

1

𝑥
−

𝑥

𝑥2+ 1
], by (1) 

 =
1

𝑥(𝑥2+ 1)
−

𝑥

(𝑥2+ 1)2 

 =
𝟏

𝒙
−

𝒙

𝒙𝟐+ 𝟏
−

𝒙

(𝒙𝟐+ 𝟏)
𝟐 , by (1) 
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